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Abstract We study the existence of solutions to the equation — ApU + g{x, u) = ^ when 
g{x, .) is a nondecreasing function and fi a measure. We characterize the good measures, 
i.e. the ones for which the problem has a renormalized solution. We study particularly the 
cases where g{x, u) = \x\~^ u and g{x, u) = sgn(u)(e'^l"l^ — 1). The results state that a 

measure is good if it is absolutely continuous with respect to an appropriate Lorentz-Bessel 
capacities. 



1 Introduction 

Let C be a bounded domain containing and g:i7xM— s-Mbea Caratheodory 
function. We assume that for almost all x £ il, r i-^ g{x,r) is nondecreasing and odd. In 
this article we consider the following problem 

^ApU + g{x,u)^fi in 57 n t\ 

u = o in on ^ ' 

where ApU = div ^jVul*^ ^ Vu^ , (1 < p < N), is the p-Laplacian and /i a bounded measure. 
A measure for which the problem admits a solution, in an appropriate class, is called a good 
measure. When p = 2 and g{x^ u) = g{u) the problem has been considered by Benilan and 
Brezis 4 in the subcritical case that is when any bounded measure is good. They prove 
that such is the case if > 3 and g satisfies 



g{s)s "-2(is < oo. (1.2) 



The supercritical case, always with p — 2, has been considered by Baras and Pierre [3] when 
g{u) = ^ u and g > 1. They prove that the corresponding problem to (|1.1 \i admits a 
solution (always unique in that case) if and only if the measure fi is absolutely continuous 
with respect to the Bessel capacity C2,q' {q' — q/{q — 1)). In the case p ^ 2 it is shown 
by Bidaut-Veron [6] that if problem pn~|) with /3 = and g{s) = \s\''~^ s (q > p - 1 > 0) 
admits a solution, then fi is absolutely continuous with respect to any capacity Cp^ 
for any e > 0. 
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In this article we introduce a new class of Bessel capacities which are modelled on Lorentz 
spaces L**'' instead of spaces. If Ga is the Bessel kernel of order a > 0, we denote by 
L"'*'«(M^) the Besov space which is the space of functions </> — Ga*f for some / 6 L'''^(R^) 
and we set II'/'IIq.s^ — WfWgq norm which is defined by using rearrangements). Then we 
set 

C„,,.,(i;)=inf{||/||^,^: />0, G„*/>1 on E} (1.3) 

for any Borel set E. We say that a measure /l( in 57 is absolutely continuous with respect to 
the capacity Ca,s.q if , 

VE cn, E Borel , Ca,s,qiE) = =^ 1^*1 (E) = 0. (1.4) 

We also introduce the Wolff potential of a positive measure fi G 2rt+(R^) by 
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ifa>0,l<s<a"'^-/V. When we are dealing with bounded domains ft C Bu and 
/X G it is useful to introduce truncated Wolff potentials. 



Wf.J.](.)^/ (^^) ^ (1-6) 



We prove the following existence results concerning 

-ApU+\x\~'^g{u) = fi in 

7i = in dn 

Theorem 1.1 Assume l<p<N,q>p— I and < f3 < N and ii is a bounded Radon 
measure in fl. 

1- If g{s) — \s\'' ^ s, then \1.7 [ ) admits a renormalized solution if ^ is absolutely continuous 
with respect to the capacity C Nq q_ . 

2- If g satisfies 

/oo 
g{s)s-'^-^ds < oo (1.8) 

then \1.7 [ ) admits a renormalized solution if fi is absolutely continuous with respect to the 
capacity C Nq , . 

P' JV5-(p-l)(N-3)) '-^ 

Furthermore, in both case there holds 

-cW^i'p™^^^^[Ai-](a;) < u{x) < cW^'^™(")[^+](x) for almost all x e fl. (1.9) 

where c is a positive constant depending on p and N . 

In order to deal with exponential nonlinearities we introduce for < a < the fractional 
maximal operator (resp. the truncated fractional maximal operator), defined for a positive 
measure /i by 

M„[M](x)=sup^^^g^, frespM„.HN(x)= sup , (1.10) 

t>0 t V 0<t<R t / 

and the ?7-fractional maximal operator (resp. the truncated 77-fractional maximal operator) 



where rj > and 



, ^ \ -Int if < i < i , ^ 

hJt) = { ) ' ,2 1.12 



Theorem 1.2 Assume \ < p < N, r > and A > 1. Then there exists M > depending 
on N,p,T and A such that if a measure in fl, ^ = 11^ — can be decomposed as follows 

^i+^fi + vi and^^^f2+V2, (1-13) 
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where fj £ L]_{il) and vj G M''_^_{^l,) (j = 1,2), and if 



(p-lKA-l) 



< M, 



there exists a renormalized solution to 



-A, 



pU + sign(u) ^c'^l"!^ - 1^ = /i 



u = 



in fl 
in on. 



(1.14) 



(1.15) 



and satisfies (|1.9 p . 

Our study is based upon delicate estimates on Wolff potentials and 77-fractional maximal 
operators which are developed in the first part of this paper. 

2 Lorentz spaces and capacities 
2.1 Lorentz spaces 

Let {X, S, a) be a measured space. If / : X — ;> R is a measurable function, we set Sf{t) := 
{x £ X : \ f\{x) > t} and Xf{t) = a{Sf{t)). The decreasing rearrangement /* of / is defined 
by 

f*{t) = inf{s > : A/(s) < t}. 

It is well known that ($(/))* = *&(/*) for any continuous and nondecreasing function $ : 
M+ ^R+. We set 

r*w-7 / nr)dT wt>o. 

t Jo 

and, for 1 < s < 00 and 1 < <z < 00, 



'i^(/"(t))4 



supessi= /**(i) 
t>o 



if (7 < CX3 
if a = cxD 



It is known that L''''^{X,a) is a Banach space when endowed with the norm 
thermore there holds (see e.g. [12]) 



(2.1) 



Fur- 



tif 



<\\f\ 



< 



(2.2) 



the left-hand side inequality being valid only if s > 1. Finally, if / G L'*''?(R^) (with 
1 < g, s < 00 and a being the Lebesgue measure) and if {pn} C C^(R^) is a sequence of 
moUifiers, f * Pn ^ f and {/Xb ) * — J" / in L^'*(R^), where Xb is the indicator function 
of the ball Bn centered at the origin of radius n. In particular C^{R^) is dense in i^^'?(R^). 
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2.2 Wolff potentials, fractional and //-fractional maximal operators 

If D is cither a bounded domain or whole M , we denote by m{D) (resp m''{D)) the set 
of Radon measure (resp. bounded Radon measures) in D. Their positive cones are dJl+{D) 
and 9Tt5j_(Z?) respectively. If < i? < oo and /i G DJl+{D) and R > diam(Z?), we define, for 
a > and 1 < s < a~^N, the i?-truncated Wolff-potential by 

Wf,M(.) = ( for a.e. x G M^. (2.3) 



V t^"""* / t 

If ft-,,(t) = min{(— Int)^'', (In 2)^''} and < a < iV, the truncated ry-fractional maximal 
operator is 

Ml^Mx)= sup T^^5^ fora.e. xgM^. (2.4) 

If i? = oo, we drop it in expressions (|2.3 P and p.4 p . In particular 

ti{Bt{x)) <t''~'^h,it)M%[f,]{x). (2.5) 
We also define Ga the Bessel potential of a measure /i by 

G„M(a;)=/ G„(x-2/)d/i(y) Vx G R^, (2.6) 
where Gq, is the Bessel kernel of order a in R^. 

Definition 2.1 1/Fe denote by ^"'^^^(R^) t/ie 5esot; space the space of functions (f> = Ga * f 
for some f G i^''?(R^) and we set UW^^s^q = WfWs.q- V we set 

C„,,,,(i;)=inf{||/||^^^: />0, G„*/>1 on E}, (2.7) 

then Ga,s,q is a capacity, see ^Tj. 

2.3 Estimates on potentials 

In the sequel, we denote by \A\ the N-dimensional Lebesgue measure of a measurable set 
A and, if F,G are functions defined in M^, we set {F > a] {x G R^ : F{x) > a}, 
{G < b} := {x G : G(a;) < 6} and {F > a, G < 6} := {F > a} n {G < b}. The following 
result is an extension of [TH Th 1.1] 

Proposition 2.2 Let < r/ < p — 1, < ap < N and r > 0. There exist cq > depending 

on N,a,p,ri and eo > depending on N,a,p,ri,r such that, for all pi G S[Jl+(M"'^) with 

1 

diam{supp{iJL)) < r and R G (0, oo], e G (0, eg], A > (//(M"'^)) ''"^ l(r,R) there holds. 



\{wSJf^]>3\,iMl^J^i])^ <eX} 



< coexp ( - apln2e-^ ) \{W^Jpi] > X}\ 



(2.8) 



/ N — ap N — ap\ at N — ap 

where l{r,R) = f min{r, i?}"^^ if R < oo, l{r,R) = ^^Et^?-^^ if 

R = oo. Furthermore, ifrj — O, eq is independent of r and (|2.8 P holds for all ji G 9H+(R^) 
with compact support in M.^ and R G (0, oo], e G (0, eq]) A > 0. 
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Proof. Case R= oo. Let A > 0; since Wc(,p[/;i] is lower semicontinuous, the set 

Dx := {W„,p[/x] > A} 

is open. By Whitney covering lemma, there exists a countable set of closed cubes {Qi}i 

o o 

such that Dx = UiQi, Qi r\Qj — % for i ^ j and 

diam(Qi) < dist(Qi,D;x) < 4diam(Qi). 

Let e > and F^,x = ^^a.p[^A > 3A, (MJ^p[^])~ < eA|. Wc claim that there exist Co = 
Co{N,a,p,r]) > and eg = ^Oi-iP^'Hi''') > such that for any Q G {Qi}i, e G (0,eo] and 
A > ^ l{r, oo) there holds 

\F,,x n QI < coexp {- ^ e-^Qpln2) \Q\ . (2.9) 



4(p-l) 

The first we show that there exists ci > depending on N,a,p and r; such that for any 
Q G {Qi}i there holds 

F,,Angc£;e,A VeG (0,ci],A>0 (2.10) 

where 

E^^x ^{xGQ: W^:lp--(Q)M(a;) > A, {M^^[,,]{x))^ < eX] . (2.11) 

Infact, take Q G {Qi}i such that Q fl Fe,x 7^ and let xq G such that dist {xq,Q) < 
4diam(Q) and Wa,p[/u](a;Q) < A. For fc G N, ro = 5diam(Q) and x G -Fe,A H Q, we have 

where 
Since 

t^{Bt{x)) < t^-"Phr,{t)M2p[lA{x) < i^-«P/i^(i)(eA)f-i. (2.12) 

Then 



, -rn \ " / " .y — ! ; — rn 

l + 2'» 1 + 2* 

Replacing h,f{t) by its value we obtain B < C2eA2^'^ after a lengthy computation where C2 
depends only on p and 77. Since (5 := ( 2^+1 ) ''"^ > then 1 — i5 < 032"*^ where C3 depends only 
on thus 



<C32-'=eA/ (/i^(0)^ 

J2''rn 



'2''ro 

< C42-'=eA, 



dt 
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where C4 = C4{N,a,p,rj) > 0. 

By a change of variables and using that for any x e F^^xOQ and t e [ro(l + 2'''), ro(l + 2*"'+^)], 
B^kj^{x) c Btixq), we get 

1 + 2^ 

Therefore 

with C5 = C5{N,a,p,r/) > 0. This imphes 

/: * ^ . £ (^) * f . <-3, 

since WQ^p[/i](a;Q) < A. If e G (0, ci] with ci = (2c5)~^ then 



\ M I <2A 
which imphes (|2.10 p . 

1 

Now, we let A > (/x(R^)) ''^^ l{r, 00). Let Bi be a ball with radius r such that supp{^) C Bi. 
We denote B2 by the ball concentric to Bi with radius 2r. Since x ^ B2, 

1 

Thus, we obtain D\ C -62- In particular, tq — 5diam(Q) < 20r. 

Next we set mo = n^axiiM^AOr)) ^ ^^^^ 2~"Vo < 2^^ if m > mo- Then for any x G E^^x 



<eX (-lnt)~ heA/ (ln2)~ — 

J2-™n) J2-'"Oro ^ 



< ^oeA + (p-i)(('"-^^o)in2) 

For the last inequality we have used a^~p^ — b^~p^ < (a — valid for any a > 6 > 0. 

Therefore, 

(4|£M)-!5<|(£_il.„,-A.A V,«N,,„>,„r^^ (2.4) 



/2-^ro 
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Set 



then 



2-*ro 



\ t^-ocp ) t ' 



~ p-l-n , 

^ ' i=m+l 



for all m > m^"'-" . We deduce that, for /3 > 0, 



< 



< 



i=m+l 

Next we claim that 



y e g : gi{x) > 2-'5(-™-i)(l - 2-/3) ( 1 - 1^11^1-^^ 



IQI(eA) 



p-i 



(2.15) 
(2.16) 



To see that, we pick xq € E^^x and we use the Chebyshev's inequality 



\{xeQ: gi{x) > s}\ < ^ j 



iP-i 



dx 



sP- 



ro2- 



ro2- 



( n{Bt{x))\^-' dt 



\ t^-o'P J t 



p-1 



dx 



< 



:= A. 



Thanks to Pubini's theorem, the last term A of the above inequality can be rewritten as 

= ^ (ro2-^r--X,,^^^_,,,(o)/g^^---^^'^'^'''^^'^ 
1 1 



< 



\Bro2-^+^iy)\diiiy) 



< C7(A^)^2--fr«V(Q + B,„2-+i(0)) 
^^7(iV)^2— %"V(i?.o(i+2-+i)(^o)), 



8 



since Q+B^„2-+i(0) C B^„(i+2-'+i)(a;o)- Using the fact that (St (xq)) < 2)-''<^-"P(eA)P-i 
for alH > and ro = 5 diani(Q), we obtain 

A < csiN, r;)-i^2-^°fro"P(ro(l + 2-^+')f-'^P{eXr-' < c,iN,r,)^2-^'^P \Q\ (eA)P-\ 
which is p. 16 p . Consequently, (|2.15 p can be rewritten as 

\E,x\< V cei^^v) _2— P(eA)P-i IQI 

^=m+l (2-'3(»-™-i)(l - 2-/3) (l - ^iE^m^-^e^ Xy 

(2.17) 

If we choose /3 = P{a,p) so that /?(p — 1) — < 0, we obtain 

/ \ P-i 



|i?.,A|<Cio2— P| IQI Vm>mo— ' (2.18) 

where cio = cio(A^, ?]) > 0. Put eg = min <^ 4(p-i)^ , ,ci >. For any e G (0,eo] we 
choose m G N such that 



p — I - 1]\ "-^-'^ (1 \ p-i-i /p - 1 — p-i-" /I N p-i-'j 
1 — l<m< — — 1 



2(p-l); \e J -\2{p^l) 



Then 



1 — -m p-i e 



< 1 



and 



2-n^ap < ^"f-^HfiF^) (^-i) "-^-^ < 2"'' exp |^-apln2 (^(^^ 

Combining these inequahties with ()2.18 p and p. 10 p . we get ()2.9 p . 

In the case 77 = we still have for any m G N, A, e > and x G -Be, a 

00 

i—ra+l 

Accordingly (|2.18 P reads as 

\Ee x\ < cio2-""^P ( ^ — ^ IQI Vm G N,A,e > with me < 1. 

V 1 — we / 



(5 P-1-T7 
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Put Co = min{i,ci}. For any e £ (0, eo] and m 6 N satisfies e ^ — 2<m<e ^ — 1, we 
finally get from p.lO p 

\F,,xnQ\ < |£;,,a| <cio22"Pexp(-ape-Mn2)|g|, (2.19) 

which ends the prool in the case R = oo. 

Case R < oo. For A > 0, D\ — {W^^ > A} is open. Using again Whitney covering 
lemma, there exists a countable set of closed cubes Q := {Qi} such that UiQi — D\, 

o o 

Qi n Qj = for i ^ j and dist {Qi, D^) < 4diam(Qi). If Q G Q : is such that diam (Q) > f , 
there exists a finite number ng of closed dyadic cubes {f'j,Q}"J^i such that UJ^j^Pj^g = Q, 

pIq n P^q - if i 7^ j and ^ < diam (Pj^q) < f . We set Q' = {Q g Q : diam (Q) < f }, 
Q" = {F,,Q : 1 < « < nQ,g e Q,diam(Q) > f } and ^ - Q' U Q". 

For e > we denote again F^.a = {w^p[/i] > 3A, (M^^^^ [^] ) ^^r < Let g e J" such 

that Fe,A n g 7^ and tq = 5 diam (Q). 

If dist(Z?£,g) < 4 diam (Q), that is if there exists xq £ D\ such that dist (xQ,g) < 
4 diam (Q) and W^p[/i](a;Q) < A, we find, by the same argument as in the case R = cx), 
(|2.13 p . that for any x G F^^\ n Q there holds 



where cn = cii{N,a,p,ri) > 

16 

a; G Fg^A n g, there holds 



If dist (i:»^,g) > 4 diam (Q), we have < diam (Q) < |: since Q £ Q" . Then, for all 



^ fn{Btix))\~ dt ^ [" |^<^-"P(ln2)-''(eA)P-iy-i dt 



16 ^ ^ 

= (ln2)-^lnf eA (2.21) 
< 2eA. 

Thus, if we take e G (0,ci2] with ci2 = min{l, cj~^^}, we derive 

F,,AngcF,,A, (2.22) 

where 

i?e,A = \WZM > A, (m^p,^[m]) < eAj . 
Furthermore, since x ^ B2, 

w-,M(.) = (^) ^ f < (MM-))^ K.i?). 



10 



Thus, if A > l{r, R) then Dx C B2 which implies ro = 5 diani(Q) < 20r. 

The end of the proof is as in the case R = 00. □ 

In the next result we list a series of equivalent norms concerning Radon measures. 

Theorem 2.3 Assume a>0,0<p—l<q< 00, < ap < N and < s < 00. Then there 
exists a constant C13 = ci3(A^, a,p, q,s) > such that for any R G (0, 00] and ji G 2t+(M^), 
there holds 



<ci4-W^,M\\L..^i:K-)- (2-23) 
For any R > 0, there exists C14 = Ci4{N, a,p, q, s, R) > such that for any /i G 9Jt_|-(M^), 



1 

In [KIW , ||W^,pN||i,.,(RiV) can be replaced by WM^p^Mll:! 



(2.24) 



LP^'p^ (R") 



Proof. We denote /i„ by X-B„/^ for n G N*. 
Step 1 We claim that 



|W^.,M||^„,(^„, < c'i3 ||M„p^;j[/i]||-J 



Lp-l-p-l (RW) 



(2.25) 



Prom Proposition 12.21 there exist positive constants cq = co(A^, Q!,p), a = a(a,p) and eg = 
eo(-^, such that for all n G N*, t > 0, < i? < 00 and < e < eo, there holds 

{W«p[/i„] > 3t, (M'4 ,,K])i^ ^ ^41 - |{W^,p[Ai„] > t}| . (2.26) 

In the case < s < 00 and Q < q < 00, we have 

|{Wf^p[M„] > 3t}\" < cisexp (-Jae"') |{Wf,p[Mn] > Ol'+cis | {(M^^^^K])^ > ei} 
with C15 = ci5(iV, Q!,p, g, s) > 0. 

Multiplying by t*^^ and integrating over (0, 00), we obtain 

i^|{W«p[/i„]>3t}|'-<ci5exp(-fae-ijy^ t^ {{W^Jf^^] > t}\^ j 

{^lp,B.[t^n]>ietr-^} 



C15 / t' 



t 

T' 



By a change of variable, we derive 



3- - cisexp (-f«e-i)) J^^t^ |{W«p[^„] > t}| ' y 



< 



p-1 



T" 
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We choose e small enough so that 3 * — C15 exp ^— |ae > 0, we derive from (12.2 p and 

for any / e L^'^'^'^iR^) with < si < cx),0 < 



Ul/Sl f*|| _ „1/S2 



S2 < 00 



^ 111 <Ci3\\M^pMf^n]r'± 



and (j2.25 p follows by Fatou's lemma. Similarly, we can prove p. 25 p in the case s — 00. 
Step 2 We claim that 



For i? > we have 



(2.27) 



2fl 



j-N — ap 



(2.28) 



Thus 



|{x : W2«[m„](x) >2t}\<\{x: W«p[M„](x) > t}| + | = 



Mn(^2fl(^)) 



Consider {zj}™ 1 C B2 such that B2 C U" 1 Bi {zi). Thus B2r{x) C U" 1 (a; + Rzi) for 
any x £ and i? > 0. Then 



J^N — ap 



> tP- 



< 



< 



" ^„(B«(x + i?z,)) 
X : t.r > tP ^ 

^ i=l 



J^N — ap 



E 



i=l 

= m 



fi„{BR{x + Rz,)) I ^p-i 
Mn(Sn(a;)) 1 ■ 



> — i''" 



Moreover from (|2.28 p 



' tin{Bn{x))y-' 



j^N — ap 



< 2Wf_pK,](x), 



thus 



. f^n{B2R{x)) 1 
^ ■ J^N-ap ^ ^ 



1 <m \ x: Wf_p[Ai„](a;) > 
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This leads to 

|{x: W2«[/x„](x) >2t}| < (m+1) 

This imphes 

t2R [ 



I 2m~ J 



Vi > 



with ci6 Ci6(-/V, ck,p, g, s) > 0. By Fatou's lemma, we get 

On the other hand, from the identity in (|2.28 p we derive that for any p e (0,i?), 



(2.29) 



W2«[/.](a.) >W2p,M(x) >ci7 sup 



0<p<R \ P 

with ci7 = ci7{N,a,p) > 0, from which follows 



r.N — ap 



(2.30) 



Combining p. 29 p and p. 30 \ we obtain p. 27 p and then p. 23 p . Notice that the estimates 
are independent of R and thus valid if i? = oo. 

Step 3 We claim that p. 24 p holds. By the previous result we have also 



-18 



< ||M„,,«M|I < CIS W|,^,M 



where cis = ci8(A^, q, s) > 0. For i? > 0, the Bessel kernel satisfies[Tll V-3-1] 



(2.31) 



^1 [ XBnjx) 
-19 N-., 



< Gap{x) < Ci9 



I tN — ap 



Cige 



where cig = cig{N,a,p, R) > 0. Therefore 
-1 / XBr 



-19 I I |Ar-ap 



* fJ- < Gap[p] < Ci9 



* p + Cige ^ * fj,. 



(2.32) 



By integration by parts, we get 



XBn 



^M-»p I * = - ap)W|_2M(^) + > - ap)W^Af'K^)^ 



which implies 



C20 



W^Jp] 



Lp-1 ' P-I (RN) 



J^N — ap 



< ||G„„[/il|| ^ ^ 



(2.33) 
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where C20 = C2oiN,0!,p,q,s) > 0. Furthermore e 2 < C21XB r * e (x) where C21 
C2i(iV,i?) > 0, thus 



_ M. 

e 2 * 



Since 



M < C21 (xbr *e '2' ^ * = C2ie 2 * {xbr * m) 



where C22 — C22{N, a,p, R) > 0, we derive with C23 = C21C22 



2 *fi<C23e 2 *W^ .^[fi]. 



Using Young inequahty, we obtain 



e 2 >ic ^ 



< C23 

< C24 

< C25 



1^ 

Lp^' (RN) 



Lp^'p^(R") 
_ M 

e 2 



(2.34) 



where C25 = C2^{N,a,p,R) > 0. 

Since by integration by parts there holds as above 



\N-~ap 



R ll(Br(x)) 
* = (TV - ap)W^ Mix) + 2^-»P—^-— < C2eW§^M{x), 



J^N — ap 



where C26 = C2eiN, a,p) > we obtain 

XBn 



iN — ap 



< C27 



w|,.2M 



Lp-1 ' P-i 

where C27 = C27{N, a,p, q, s) > 0. Thus 



^ p- 1 ' p— 1 



Lp-1 -p-l 



(2.35) 



(2.36) 



where C28 = C28 ( A^, a,p,q,s,R) > 0. 

follows by combining (gIM]), (P?^ and ((OFl . Then, combining ([QT] . ([O^l and using 
([23r|) . ({2:231 we obtain (EJi). □ 

Remark. Proposition 5.1 in [17^ is a particular case of the previous result. 

Theorem 2.4 Let a>0, p>l,0<T]<p-l, 0<ap<N and r > 0. Set Sq = 

p-i 

( I2(p- 1) ) apln2. T/ien i/iere exists C29 > 0, depending on N, a, p, rj and r such that 
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for any R G (0,cx)], 5 G (0,(5o); /i G 9Jt+(]R^), any hall Bi C with radius < r and hall 
B2 concentric to Bi with radius douhle Bi 's radius, there holds 



exp ( J (}<>flM^ < (2.37) 
where UBi = XBiI^- Furthermore, if rj = Q, C29 is independent of r. 

Proof. Let ^l e an+(R^) such that M := M'' ^[^sj < 00. By Proposition O 

' ' L°°(Bi) 

(|2.8 p with jjL = ^Bi, there exist co > depending on N,a,p,r] and eo > depending on 

1 

N,a,p,r] and r such that, for ah R G (0, 00], e G (0, eo], t > (/zbi (M^)) "-^ l{r',R) where r' 
is radius of Si there holds, 



{w«p[Mi3j > 3t,(M^p_^[/ii3j)^ < et} 



, , . (2.38) 

< CO exp ( - (f^) apln2e"^ ) |{W^,,[/iBj > O' 



Since {^ibM^))"''^ l{r',R) < ^^zf^(ln 2)-?^ , thus in (1^ we can choose 

M^p«[/iBj ~ =t-iA/5^ vt>max{eo-\^^^^(ln2)-F^}M?^ 

ap^Hlt- L°°(R") " p-1 



and as in the proof of Proposition I2.2[ {W^p[/iBj > i} C -82- 
Then 

|{W^,p[mbJ > 3<} nS2| < CO exp (h^) apln2Af-3^tm^ {B^l . 

(2.39) 

This can be written under the form 

\{F>t}nB2\ < |B2|x(o,tol+coexp(-5ot)|52|X(to,oo)(i). (2.40) 
-1 p-i 
where F = M"3^ {W^p[^lB,])^^ and io = (3 max{eo-\ ^^^^(In 2)"^ }) 

Take (5 G (0,(5o), by Fubini's theorem 

/ exp{6F{x))dx ^ 5 [ exp (St) \{F > t} n B2\ dt 
J B2 Jo 

Thus, 

/ exp{6F{x))dx <S exp {6t) dt\B2\ + ca6 exp{~ {60 - S)t) dt\B2\ 

J B2 Jo Jto 

<(expiSto)~l)\B2\ + j^JB2\ 
do - 

which is the desired inequahty. □ 

Remark. By the proof of Proposition 12. 2[ we see that eo > max(iTn40r) '^ti^re C30 = 

p~i / 
C3o(A^, a,p,T]) > 0. Thus, to < C31 (max(l, ln40r)) p-i-i . Therefore C29 < C32 exp (033 (max(l, 

where C32 and C33 depend on a,p and 77. 
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2.4 Approximation of measures 

The next result is an extension of a classical result of Fcyel and de la Pradelle [TTJ . This type 
of result has been intensively used in the framework of Sobolev spaces since the pioneering 
work of Baras and Pierre 3 , but apparently it is new in the case of Bessel-Lorentz spaces. 
We recall that a sequence of bounded measures in converges to some bounded 

measure /x in in the narrow topology of 971'' (f2) if 

lim <t)d^in = (t>d^x \/4) eCb{Vi) ■.^C{n)f\L°°{Vl). (2.41) 
Jq. Jn 

Theorem 2.5 Assume ft is an open subset o/M^. Let a > 0, 1 < s < oo, 1 < g < cxd 
and fj, G 371+ (ri). // /x is absolutely continuous with respect to Ca.s,q in there exists a 
nondecreasing sequence {/i„} C TlXin) n (i"^^'«(R^))', with compact support in n which 
converges to /i weakly in the sense of measures. Furthermore, if G 97t+(r2), then /i„ — ^ /i 
in the narrow topology. 

Proof. Step 1. Assume that /it has compact support. Let e L°''^^''{R^) and its Ca,s,q- 
quasicontinuous representative. Since pi is abolutely continuous with respect to Ca,s,q, we 
can define the mapping 

where /Lt[n is the extension of /i by in fi^. By Fatou's lemma, P is lower semicontinuous 
on L"''''''(]R^). Furthermore it is convex and potitively homogeneous of degree 1. If Epi{P) 
denotes the epigraph of P, i.e. 

Epi{P) = e L"'''''?(R^) X M : t > P(0)}, 

it is a closed convex cone. Let e > and (/>o G C^, > 0. Since ((/)o,P(0o) ~ e) ^ Epi{P), 
there exist e e (L"'^^'?(R^))', a and 6 in M such that 

a + bt + e{(j)) < y{(t),t) e Epi{P), (2.42) 

a + 6(P(0o)-e)+^(0o) >0. (2.43) 

Since (0,0) £ Epi{P), a < 0. Since (s0, st) £ Epi{P) for ah s > 0, s^ifl + bt + i{(j>) < 0, 
which implies 

bt + £{(f>)<0 y{(f),t) e Epi{P). 

Finally, since (0, 1) G Epi{P), b < 0. But if 6 = we would have £{(j)) < -a for aU 
(j) £ L"^'^'«(R^). which would lead to £ = and a > from ^MJ), a contradiction. 
Therefore 6 < 0. Then, we put 9{(j)) — and derive that, for any {(t),t) e Epi{P), there 

holds 9{(j)) <t, and in particular 

9{(t>) < F((/)) y(l> e L"'^^*(R^). (2.44) 

Since < => P(0) = 0, is a positive linear functional on L"'*^''(R^). Furthermore 

sup \di(t))\= sup 6'(0) < sup P{(t)) ^ P{1) = fi{n). 

0eCf=(R^) </>gc;?°{r^) </-eCf=(R^) 

II'/'IIloc < 1 l|9i|ll,oo<l ||</'ILoo<l 
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By the Riesz representation theorem, there exists a e 9K+(M^) such that 



(2.45) 



Inequahty (j2.44 p imphes < cr < /i[r2. Thus supp{a) C supp{filci) = supp(fi) and cr 
vanishes on Borel subsets of Ca.s,q capacity zero, as /j, does it, besides (12.45 p also values for 
aU (/) e C°°(M^) . From (EH]), we have 



J 



This implies 



< 



(2.46) 



It remains to prove that a G (L"'^^9(R^))'. For all / G C^°°(M^), / > 0, there holds 

GM]d'y = e(G„[/]) < I1G„[/]|1^„,.„(„„) , (2.47) 

since ^ -b-^ and £ G (i"^'''«(R^))'. Now, given / G L'-i{R^), / > and a sequence 
of molifiers {p„}, (xb„/) * G C^{R^) and (xs„/) * p„ / in L^>«(M^), where Xs„ is 
the indicator function of the ball -B„ centered at the origin of radius n. Furthermore, there 
is a subsequence {nk} such that lim„j^^oo Ga[{xB„^f) * PnJix) Ga[f]{x), Ca^s.g-quasi 
everywhere. Using Fatou's lemma and lower semicontinuity of the norm 

/ Ga[f]da < liniinf„^^oc / Ga[(x_B„ /) * Pnjda 

JR« JR" 



< liminf 



< 



(L°. = .9(R"))' l|CJa[/]||ia.s,5(RJV) 



.9(R") 



Therefore also holds for all / G L"'«(M^),/ > 0. Consequently a G 2)l';(R^) n 

(L"^"'«(]R^))' satisfies 



< 



l(L°.».<!(R«))' 



IG, 



Il°.=.9(r") 



V/gL 



(2.48) 



Step 2. We assume that /i has no longer compact support. Set f2„ = {a; G 51 : dist (a;, ff^) > 
n~^, \x\ < n}, then r2„ C l^n C fin+i C for n > uq such that flno 7^ 0. Let {</>„} C 
C^(R^) be an increasing sequence such that < 0„ < 1, = 1 in a neighborhood of ri„ 
and supp{<i)n) C fi„+i. and let v,, = (/)„/x. For n>na there is cr„ G 9Jt^(M^) n (L"'^^'?(R^))' 
with < (7„ < Vn and 

- > / (t>nd{Vn -(7n) > / d(j^„ - (T„) = / d{fl - a^) . 
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We set fin = sup{(Ti, (72, CTn}, then is nondecreasing and supp{^n) C iln+i, and 

fin e an^(]R^) n (L"'^''?(R^))'. Finally, let e Cc(rj) and meW such that supp(0) C ^m- 
For all n > m, we have 

(/)d^„ - / < / d{fi - fin) 



Il=(r«) 



< 



Ml 



Thus /i„ — ^ fi weakly in the sense of measures. 

Step 3. Assume that fi £ m''^{n). Then ^„(r2) < fi{n). Thus 

CO 

A:— no 

Since the sequence {/in} is nondecreasing and lim/^^^oo Mn(^A;+i \^A;) = \^fc)by the 

previous construction, we obtain by monotone convergence 



n— >-oo ■'^ — ' 
/c— no 



Next we consider (j) € Cb{n) := C(n) n then 



< 



d{fi - /i„) 



Thus /i„ — ^ /i in the narrow topology of measures. 

As a consequence of Theorem 12.51 and Theorem 12.31 we obtain the following. 



□ 



Theorem 2.6 Let p-l<si<oo,p~l<S2<oo,0<ap<N,R>0 and fi e 9Jt+(r2). 
// fj, is absolutely continuous with respect to the capacity Cq,„ °] "2 , there exists a 

nondecreasing sequence {fin} C 0Jl+(r2) with compact support in D, which converges to fi in 
the weak sense of measures and such that W^p[/x„] £ L'^^''^^{M.^), for all n. Furthermore, 
if p £ 93t'5_(r2), fin converges to to p in the narrow topology. 

Proof. By Theorem 12 . 5 1 there exists a nondecreasing sequence {/i„} of nonnegative measures 
with compact support in ft, all elements of (L"^'''i-p+i'''2-p+i (R^))', which converges weakly 
to 11. li fi £ the convergence holds in the narrow topology. Noting that for a positive 

measure a in M.^ , 



SI -p+1 ■ S2 — P + 1 ( 



))' 



it implies Gaplfin] e L——{R^). Then, by Theorem [231 W«p[^„] S L'^''^{M.^) 



□ 
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3 Renormalized solutions 



3.1 Classical results 

Although the notion of renormahzed solutions is becoming more and more present in the 
theory of quasilinear equations with measure data, it has not yet acquainted a popularity 
which could avoid us to present some of its main aspects. Let f2 be a bounded domain in 
M^. If /i G SH''(f7), we denote by /i+ and /i^ respectively its positive and negative part. We 
denote by ^Xflo{^) the space of measures in Q which are absolutely continuous with respect 
to the c^^ -capacity defined on a compact set K C by 



{K) = miyj\/cbfdx:cj)>XK,^& 



(3.1) 



We also denote 9Jls(r2) the space of measures in i7 with support on a set of zero c^p-capacity. 
Classically, any /i G 9Jt''(r2) can be written in a unique way under the form /i = /io + A*s 
where /uq G S!7lo(f^) n aR''(0) and /i, G 9Jl^(0). We recall that any fj.o G 0^0(0) n 971'' (17) can 
be written under the form Ho = f — div g where / G L^(ri) and g € (il). 

For fc > and s G M we set Tfe(s) — max{min{s, fc}, — fc}. We recall that if m is a 
measurable function defined and finite a.e. in il, such that Tk{u) G WQ^'^(rj) for any /c > 0, 
there exists a measurable function w : 17 — ^ such that '^Tk{u) ~ X|ti|<fe^ ^-G- in 17 and 
for all fc > 0. We define the gradient Vu of u by u = Vw. We recall the definition of a 
renormalized solution given in |10| . 

Definition 3.1 Let fj, — hq + Hs G S!Jl''(17). A measurable function u defined in 17 and finite 
a.e. is called a renormalized solution of 

-ApU ^ fi in n , , 

u = on (917, ^ ' ' 

ifTkiu) G W^o'^(17) for any fc > 0, \\7uf~'^ G L''(17) for any < r < and u has the 

property that for any fc > there exist A^, AjT G S[Jl5j_(17) n 9Jlo{i^), respectively concentrated 
on the sets u = k and u ~ ~k, with the property that fif, A^T ^ /i^ ^^^^ narrow 

topology of measures, such that 

\Vuf^^\7uV(t)dx = / (t>d^io+ / - / 0dA^, (3.3) 

{|«|<fc} J{\u\<k} Jfi Jn 

for every (j) G M^o'^(17) n L°°(17). 

Remark. If u is a renormalized solution of problem (13.2 \ and ^ G 971^(17), then u > in 17. 
Indeed, taking fc > to > and (j) — T'„j(max{— u, 0}), then < </> < to and we have 



/ |Vu|^ ^Vu\/(f)dx= [ 

J{\u\<k} J{\u\ 



Tm(max{— u, 0})d/io + / rm(max{-M, 0})dAj, 
<fe} Jn 



+ 



T„j(max{-u, 0})dX^, 



>-toA,(17). 
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Thus 

/ |Vr,„(max{-w,0})|P < mX^{n) 
Jn 

Letting k oo, we obtain VT'„i(niax{— m, 0}) — a.e., thus m > a.e. in f2. 
We recall the following important results, see [TOl Th 4.1, Sec 5.1]. 

Theorem 3.2 Let C 9Jt^(f2) be a sequence such that sup,j (ft) < oo and let {u„} 
be renormalized solutions of 

^pUji fiji in r2 A\ 

Un =0 on 9ri. ^ ' ' 

Then, up to a subsequence, {un} converges a.e. to a solution u of —ApU = ^ in the sense of 

distributions in il, for some measure fi € 9Jl''(ri), and for every k > 0, k^^ / |Vrfe(u)|^ < M 

Jn 

for some AI > 0. 

Finally we recall the following fundamental stability result of [TU] which extends Theo- 



rem 

Theorem 3.3 Let ii = ijq + /if — fi~ € 9Jl^{n), with fiQ = f — div g G DJlo{Q), , € 
9Jt+(ri). Assume there are sequences {/„} C L^{n), {g„} C (Lp'(O))^, {'ni}Avl} ^ 
S[)t'^(ri) such that /„ ^ / weakly in L^(n), —^ginL^ (ft) and div gn is bounded in 
&t^{n), ril^ /i+ and 77^ /ij in the narrow topology. If — fn — div gn + Vn ~ Vn ^''^^ 
Un is a renormalized solution of \3.4 [ ), then, up to a subsequence, Un converges a.e. to a 
renormalized solution u of \3.2 ]) . Furthermore Tk{un) — t- Tk{u) in Wg^'^ifl). 

3.2 Applications 

We present below some interesting consequences of the above theorem. 

Corollary 3.4 Let fi G 2t''(f2) with compact support in ft and u G ^^{il). Let {/„} C 
L^{Q,) which converges weakly to f ^ L^{fl) and fin = Pn * M where {/0„} is a sequence of 
mollifiers. If Un is a renormalized solution of 

-ApUn = fn + fJ-n + UJ in , , 

Un — on dil, 



then, up to a subsequence, u„ converges to a renormalized solution of 

(3.6) 



-ApU = f + fi + uj mf2 



u = on 9f2. 

Proof. We write uj = h — div g + Cli+ — luJ and pi = h — div 5 + /i+ — pj , with h, h L^ (fl), 
g,g € [LP (17))-^, h, g, fj,'^ and fj,J with support in a compact set K C fl. For uq large 
enough, p„ *h, pn* g, Pn * /ij^and p„ * p^ have also their support in a fixed compact subset 
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of n for all n > uq. Moreover pn*h ^ h and p„ * <? — > g in (il) and (i^ (i^))^ respectively 
and div p„ * 5 — > diu g in W~^'^ (fi). Therefore 

/n + ^J.n+^^ = In + h + pn*h- div {§ + /9„ * g) + UJ^ + pn * - UJ^ - Pn * Pj 



is an approximation of the measure f + p + uj in the sense of Theorem l3.3l This implies the 
claim. □ 

Corollary 3.5 Let pi G yyi\{Vt), i — 1,2, and {pi^n} C 9Jl!5_(il) be a nondecreasing and 
converging to pi in Let {fn\ C L^{^) which converges to some f weakly in L^{n). 

Let {i?n} C 9Jl^(ri) which converges to some d € DJls{^) in the narrow topology. For any 
n €N let Un be a renormalized solution of 

-ApUn = /„ + Pl,n - P2,n + m fl , , 

Un — on dn. 

Then, up to a subsequence, Un converges a.e. to a renormalized solution of problem 

-ApU = f + pi - P2 + in^ ,„ „s 

u = on dfl. ' 

The proof of this results is based upon two lemmas 

Lemma 3.6 For any p e Moi^) n 5H';_(fi) there exists f e and h e W'^'P' {Q) such 

that p — f + h and 

ll/llLi(n) + + IMmoin) < 5pin). (3.9) 

Proof. Following [9] and the proof of [71 Th 2.1], one can write p = (p'j where 7 G W'^'^ (ri)n 
93t'^(ri) and < G L^{Q,j). Let {r^njneN, be an increasing sequence of compact subsets 
of Q such that Un^n = We define the sequence of measures {I'nIneN, by 

= TnixnAh - Tn-iixn„-i(f>h for n > 2 
I'l = ri(xoi</')7- 

00 

Since I'k > 0, then i^fe = p with strong convergence in OJl''(ri), ||i^fc||OT6(f2) — '^k{^) 
fc=i 

00 

and 11^*; II on'' (f2) ^ Let {pn} be a sequence of mollifiers. We may assume that 

fc=i 

n n n 

Set /„ = ^Vk, then ||/„||ii(o) < ^W^WL^i^) ^ 51 ^ ^(^)- '^^^'^'^ 

fc=l *:=! k=l 

n 

f = lim„^oo/n, then / G L^(r2) with ||/||^i(j^) < pi^). Set hn = ^{vk - Vk), then 

fc=i 

/i„ G iy-i'P'(r2) r]m''{n), ||/i„|Ivi/-i,p'(o) < 2//(r2) and hn converges strongly in W^^'P' (Q) 

to some h which satisfies ||/i||vi/-i,p'(f2) ^ 2p{fl). Since p = f + h and ||/i||OTi'(f2) — 

the result follows. □ 
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Lemma 3.7 Let fi S 9Jl5^(0). //{/in} C is a nondecreasing sequence which con- 

verges to n in m''{n), there exist F„,F e L'^{n), Gn,G G W-^'P\n) and Uns.t^s £ '^s{^) 
such that 

fJ-n ^ fJ-nO + fJ-ns ^ Fn + Gn + l-J-n s and fl = flQ + = F + G + fig , 

such that Fn F in L^{n), Gn ^ G in W~^^p' {n) and in 9K''(f7) and fJ^s m 

and 

+ ll^nllH'-i.p'(f2) + ll^"llOT''(a) + ll/^n s IIot'' (fi) - 6/i(ri). (3.10) 

Proof. Since {fJ-n} is nondecreasing {/ino} and {/ijis} share this property. Clearly 

thus /i„o 1^0 and /i„s — > /i^ in dJl^{il). Furthermore IIM" s 11^6(57) < fJ-s{^) < /i(^^)- Set 
/ioo = and /i„o = Mno — /in-io for n G N*. From Lemma 13.61 for any n G N, one can find 
/„ G L^{n), hn G W-^^P'{n) n m''{n) such that jlna = /„ + and 

ll/n|lLi(n) + ll''-n|ln/-i.p'(n) + ll^n|lOT''(0) — '^i^'noi^)- 

n n 

If we define Fn — fk and G„ = ft-fc, then /i„o = -Fn + G„ and 

k=l k=l 

ll-^nllLi(O) + l|G'n|lvi/-i.p'(0) + ll^nllOTf'(O) ^ ^P'oi^)- 

Therefore the convergence statements and p. 10 p hold. □ 

Proof of Corollarv \3.5\ We set Vn — fn + Mn,! — Mn,2 + and u = f + — ^2+ From 
Lemma 13.71 we can write 

i^ri = fn + Fin — F2n + Gin — G2n + fJ'lns — ^^2ns + l^n 

and 

- / + i^i - + Gi - G2 + Ml s - M2 . + ^9, 

and the convergence properties listed in the lemma hold. Therefore we can apply Theo- 
rem [23] and the conclusion follows. □ 

In the next result we prove the main pointwise estimates on renornialized solutions. 

Theorem 3.8 Let fl be a bounded domain of M.^ . Then there exists a constant c > 0, 
dependent on p and N such that if fj. (E 9Jt''(f7) and u is a renormalized solution of problem 
h3.2 \) there holds 

- cW2*""^^[m-] < u{x) < cW2_*™"[m+] a.e. m fl. (3.11) 
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Proof. We claim the there exist renormalized solutions ui and U2 of problem (|3.2 I) with 
respective data /x+ and /x~ such that 

— U2 < u < ui a.e. in fi. (3-12) 

We use the decomposition fi = fj,^ — = (/.Jq — — (^q — ^7). We put Uk = Tk{u), 
f^k = l{|«[<fc}Mo + ^fc - ^fc > «fc = l{|«|<fc}M([ + S"^ce e ^oi^l), problem p. 2 p with 
data /ifc admits a unique renormalized solution (see [7]), and clearly Uk is such a solution. 
Since Vk £ 9JTo(^): problem p. 2 I) with data Vk admits a unique solution u^^i which is 
furthermore nonnegative and dominates Uk a.e. in fl. From Corollarv l3.5[ {uk,i} converges 
a.e. in to a renormalized solution ui of p. 2 p with data /i^ and u < ui. Similarly ~u < U2 
where U2 is a renormalized solution of p. 2 p with Finally, from ^17, Th 6.9] there is a 
positive constant c dependent only on p and N such that 

ui{x) < cWl^;''"'^[li+] and U2(x) < cW2*"""[^-] a.e. in 17. (3.13) 

This implies the claim. □ 



4 Equations with absorption terms 
4.1 The general case 

Let g : OxM n- R be a Caratheodory function such that the map s n- g{x, s) is nondecreasing 
and odd for almost aW x € fl. If [/ is a function defined in we define the function g oU in 
n by 

g o U{x) — g{x, U{x)) for almost all x G fi. 



We consider the problem 

-ApU + gou = fi in n 



u = in dn. 

where /i 6 2Tt''(n). We say that u is a renormalized solution of problem (|4.14 p ii gou G L^(r2) 
and It is a renormalized solution of 

-ApU = ,,-gou inn 
u = m oil. 



Theorem 4.1 Let e 9^^(17), i = 1,2, such that th ere exists a nondecreasing sequences 
{fJ-i,n} C 9Jl^(i7), with compact support in il, converging to fit and g o (cWj p*°'"^[/ii^„]) G 
L^(f2) with the same constant c as in Theorem \3.8\ Then there exists a renormalized solution 
of 

-ApU + gou = ^i- ^2 in n (4IQ) 

u = in dfl, ^ ' ' 

such that 

- cWlf;^"'''[ti2]{x) < uix) < cW2_*™"[^i](a;) a.e. m Q. (4.17) 



23 



Lemma 4.2 Assume g belongs to L°°(fl xR), besides the assumptions of Theorem \4.1\ Let 
Xi e dJl\{fl) (i = 1,2), with compact support in f2. Then there exist renormalized solutions 
u, Ui, Vi (i = 1,2) to problems 



— ApU + (7 o u = Ai — A2 in rt 

u = in dVL, 

—ApUi -j- g o Ui — Xi in fl 

Ui — Q in dfl, 

—ApVi = Xi in D, 

Vi = in dfl, 

such that 

-cWj*""^"'[A2](a;) < -V2ix) < -^2(2;) < 

< u,ix) < v,ix) < cWj^^^^^^iAiKa;) 

for almost all x d fl. 



(4.18) 

(4.19) 
(4.20) 

(4.21) 



Proof. Let {pn} be a sequence of mollifiers, Ai^„ — p„ * A,;, (i — 1, 2) and A„ = Ai.„ — A2,r!. 
Then, for uq large enough, Ai.„, A2,ti and A„ are bounded with compact support in 51 for all 



n 



> no and by minimization there exist unique solutions in WQ'^{fl) to problems 

—ApUn + g o Un — Xn in 57 

Un — in dfl, 

-ApUi^n +.90 Wi,ri = Xi^n in 17 

Ui^n — in dfl, 

-ApVi^n = Xi^n in Q 

Vi^n =0 in 957, 

and by the maximum principle, they satisfy 

-V2,n{x) < -U2,n{x) < W„(x) < Ui^„(x) < Vi^n{x), Vx £ 57, Vn > Uq. (4.22) 

Since the A^ are bounded measure and g € L°°(57 x R) the the sequences of measures 
{Xi^n — X2,n— g°Un}, { Ai^„ — (? o Ui_„} and {Xi^n} are Uniformly bouudcd iu OJl^ (57) . Thus, by 
Theorem 13 . 2 1 there exists a subsequence, still denoted by the index n such that {«„}, {ui_„}, 
{^'i,™} converge a.e. in 57 to functions {u}, {ui}, {vi} {i = 1,2) when n — >■ oo. Furthermore 
g o Un and g o Wj „ converge in L^(57) to g o u and g o Ui respectively. By CoroUarv 13.41 
we can assume that {u}, {ui}, {vi} are renormalized solutions of (|4.18 P - (|4.20 p . and by 
Theorem [33 v,{x) < cW?*'^™"[A,](a;), a.e. in 57. Thus we get (jMl]). □ 



Lemma 4.3 Let g satisfy the assumptions of Theorem \4-l\ and let Xi e 9Jt^(57) (i = 1,2), 
with compact support in 57 such that go | cWj*'""'^^^[Ai] J G L^(57), where c is the constant 
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of Theorem \4. 1\ Then there exist renormalized solutions u, Ui of the problems {4-18 ^ - {4^.19 [ ) 
such that 

-cW?*""(")[A2](:e) < ^U2{x) < u{x) < u,{x) < cW?^';™ [Ai](:r) (4.23) 

for almost all x G fl. Furthermore, if uJi, 9i have the same properties as the Xi and sat- 
isfy uJi < \i < Oi, one can find solutions u^^ and ug- of problems 14- 19 [ ) with right-hand 
respective side UJi and Oi , such that u^^. < Ui < ug. . 



Proof. From Lemma 14.21 there exist renormalized solutions m„, Ui^n to problems 

-ApU„ + Tn{g o Un) = Ai - A2 in 17 

Un = on dn, 

and 

-ApWi^n + T„(g o Wj_„) = Ai in 

Ui,n — on dfl, 

i = 1,2, and they satisfy 

-cW?*""("'[A2](a;) < < u^ix) < m^^ix) < cWj^-^^f^^iAiKx). (4.24) 

Since \g ° Un\dx < Ai(i7) + X2{ft) and go Ui^ndx < Xi{il) thus as in Lemma 14.21 one 

Jo, Jn 
can choose a subsequence, still denoted by the index n such that {un, U2,„} converges 

a.e. in ft to {u, ui, U2} for which (j4.24 p is satisfied a.e. in ft. Since g o 

L^{il) we derive from (|4.24 p and the dominated convergence theorem that Tn{g o u„) — > 
g o u and Tn{g o Ui^n) g o Ui in L^(fl). It follows from Theorem 13.31 that u and Ui are 
respective solutions of (|4.18 p . (|4.19 p . The last statement follows from the same assertion 
in Lemma mil Q 



Proof of Theorem \4-l\ From Lemma 14.31 there exist renormalized solutions it„, Ui^„ to 
problems 

-ApUn + 5 O U„ = fli n - H2,n in 

Un = on drt, 

and 

Ui^n — on 9f2, 

1 = 1,2 such that is nonnegative and nondecreasing and they satisfy 

-cW?*"'"^''^[a^2](x) < -U2,n{^) < u^ix) < uU^) < cW? ^'^"^ [/.i] (x) (4.25) 

a.e. in fl. As in the proof of Lemma 14.31 up to the same subsequence, {ui^„}, {m2,ti} and 
{un} converge to ui, U2 and u a.e. in il. Since g o Uj „ are nondecreasing, positive and 

g ° Ui^ndx < jii^ni^) < Mi(^)' it follows from the monotone convergence theorem that 

Jn 

{g o Ui,n} converges to g o Ui in L^{n). Finally, since \g oun\ < g o ui -\- g o U2, {ff o u„} 
converges to go u in L^[il) by dominated convergence. Applying Corollarv 13.51 we conclude 
that M is a renormalized solution of (|4.16 p and that (|4.17 p holds. □ 
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4.2 Proofs of Theorem 1 1.1 1 and Theorem [1.21 

We are now in situation of proving the two theorems stated in the introduction. 

Proof of Theorem \l.ll 1- Since /i is absolutely continuous with respect to the capacity 
C Nq and share this property. By Theorem 12.61 there exist two 

P- Nq-{p-l){N-l3)) ' q + l-p 

nondecreasing sequences and {fJ.2.n} of positive bounded measures with compact 

support in D, which converge to fi^ and fi~ respectively and which have the property that 

Nq 

Wfp[/Xi^„] G L"^''^(]R^), for 1 = 1,2 and ah n G N. Furthermore, with R = diam (f2). 



<C34 r ^ ({-Wf^M^r.])* (t))' dt 
Jo t~ ^ ' 



(4.26) 



< oo. 



Then the result follows from Theorem 14. II 

2- Because n is absolutely continuous with respect to the capacity C Nq , so are 

/i+ and fi^ . Applying again Theorem 12.61 there exist two nondecreasing sequences {/ii,n} 
and {/i2,n} of positive bounded measures with compact support in n which converge to /i+ 

and ^~ respectively and such that Wf-p[/Xi.„] e L'™^'^(R^). This implies in particular 

(W?^[/i.,„](.))* W <c35i~^, Vi>0, (4.27) 
for some C34 > 0. Therefore, by Theorem 12.31 

f j^g (cW?^[/i,„](x)) dx < r (^)* {t)g (c (Wf^[/i,,„])* {t)) dt 

<c,,r%g (c{Wll[^,,.J,y{t))dt 

Jo tN ^ ' 

/■l^l 1 / _«^N (4.28) 

< C36 / —g C35Ct «i dt 

Jq^ tTl ^ ' 

< C37 / g{t)t-'i-^dt 

J a 
< CXD, 

where a > depends on |r2|, C35C, N, /3, q. Thus the result follows by Theorem 14. II □ 

Proof of Theorem \1.2[ Again we take R = diam{n). Let {finlnsN. be an increasing 
sequence of compact subsets of such that U„r2„ = fl. We define /ii^„ = T„(xo„/i) + Xo„^'i 
{i = 1, 2). Then {fJ-i^n} and {Ai2,n} are nondecreasing sequences of elements of with 
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compact support, and they converge to /i"*" and /i respectively. Since for any e > there 
exists c, > such that 



(Wf,[^,„])^ < c,n^ + (! + .) {Wl^[.,])' , 

a.e. in fi, it follows 

exp (t (cW2«[/i,,„])^) < c,,„,,exp (t(1 + e) (cW2^[m,; 

If there holds 



M, 



(p-l)(A-l) 
' ^ I 

p,2R I 



< 



L = (f2) 



we can choose e > small enough so that 
t(1 + e)c^ < 



pln2 
r(12Ac)^ 

pln2 



(12A)> 



M 



(p-l)(A-l) 
A 

p,2fl I 



p-l 

L~(n) 



(4.29) 
(4.30) 
(4.31) 



Hence, by Theorem [H] with 77 = (p-iK^-i) ^ exp (t(1 + e) (cWf^[j/i])^) G Li(r2), which 
implies exp (r (cWi*'""^"^[^i,„])^ j e Li(f^). We conclude by Theorem O □ 
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